Abstract Ellipticity of the bond, being the quantity which numerically reflects how far the given chemical bond has elliptic cross-section, may be used to estimate p-electron contribution in bonding. We make use of that fact and develop a new measure of aromaticity-EL index. Since ellipticity is available from calculations on oneelectron density function, EL can be used for both theoretical and experimental data. The EL measure is normalized to make interpretation of this parameter as easy and comfortable as possible. We compare EL values with the values of other commonly used aromaticity measures, such as HOMA, PDI, FLU, and NICS. It appears that the indications of EL are in agreement with indications of other indices and general expectations.
Introduction
Although it is one of the most important concepts in chemistry, aromaticity still has no unified definition [1] [2] [3] . It was postulated in many reports [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and summarized in Tetrahedron report 520 [3] that aromaticity is a collective phenomenon and hence a variety of criteria should be used in the discussion of this term in any particular subject of investigation [15] . For this reason several measures of aromaticity were introduced on the basis of unique physical and chemical properties of the species considered to be aromatic. In general, aromaticity is directly associated with the specific p-electronic structure resulting from the delocalization of p-electrons along the sequence of bonds forming the aromatic ring. This particular property of aromatic systems is responsible for unique geometrical, magnetic, and electron properties which in turn are reflected in chemical behavior of aromatic species. There are different aromaticity indices which were thoroughly used to estimate the aromatic character. Let us mention here the most successful ones such as HOMA [16, 17] -based on molecular geometry, NICS [18, 19] -based on induced magnetic ring currents, and finally those based on the properties of electron density function, e.g., PDI (p-electron delocalization index) [20] , FLU (fluctuation index) [15] or MCI (multi-center index) [21, 22] , BOIA (bond order index of aromaticity) [22] , and h index [23] . It is remarkable that all aromaticity measures defined on the basis of properties of electron density function are based on the number of electrons shared by two or more atomic centres (or atomic basins in accordance with the quantum theory of atoms in molecules (QTAIM) [24] ). In other words, those aromaticity measures are constructed on di-or multi-center indices. Because of this the one-electron density function (e.g., this obtained in experimental charge density measurements) is not a sufficient source of information for the estimation of the above-mentioned electron density-based aromaticity indices.
In this article, we introduce a new measure of aromaticity based on hessian eigenvalues obtained from oneelectron density function 1 . This new and easy to use index of aromaticity can be applied for both theoretical and experimental electron density data.
Methodology
To compare selected QTAIM-based parameters of different CC bonds we selected a few systems, namely: benzene, 1,3-cyclohexadiene, 1,4-cyclohexadiene, cyclohexene, 1,3-butadiene (in its three conformations: s-trans, gauche-cis and s-cis), (3E)-hexa-1,3,5-triene, propene, ethylene, and ethane. The geometries of these systems were optimized using DFT [25, 26] methods implemented in Gaussian09 [27] program. The B3LYP [28] [29] [30] [31] functional was applied together with the 6-311??G(d,p) [32] basis set. The optimization procedure was performed using very tight optimization criteria (Opt = VeryTight in Gaussian09) and large DFT integration grid (Int = Ultrafine in Gaussian09).
For optimized geometries the analysis of electron distribution function was performed according to Bader's atoms in molecules theory [24, 33] . The analysis was carried out using AIMAll program [34] .
The following systems were selected for the proper part of the study: benzene, naphthalene, anthracene, phenanthrene, triphenylene, cyclobutadiene, benzocyclobutadiene, biphenylene, azulene, cyclopent[f,g]acenaphthylene, pyrene, fulvene, cycloocta-1,3,5,7-tetraene, and tetrakis(cyclobutadieno)cyclooctatetraene (Fig. 1 ). All the systems were optimized in the same way as the ones described in the previous paragraph. The frequency analysis on the same level of theory (B3LYP/6-311??G(d,p)) was carried out in order to verify if the optimized geometries correspond to stationary points. No imaginary frequencies were found.
For the description of aromaticity of those systems various aromaticity indices were used. The indices applied in this study were: HOMA [16, 17] -geometry-based indicator of aromaticity with its components [35, 36] EN and GEO, NICS [18] -founded on magnetic properties of systems, PDI [20] and FLU [15] -both based on electron delocalization indices [37, 38] . Definitions of the abovementioned indices can be found in the ESI associated with this article.
Results
The ellipticity of the bond QTAIM gives the unique possibility to have an insight into a region of a system on the basis of physical properties of that system, i.e., it gives the possibility to divide the system (e.g., a molecule) into subsystems (e.g., atoms) on the basis of zero-flux in the electron density gradient field. Since the majority of chemists are interested in the relationship between the properties of the molecular fragment (e.g., reaction center, substituent group, chemical group of some particular importance, etc.) and chemical properties of the given chemical species (such as reactivity, ability of formation of intermolecular interactions, some specific structural properties, etc.), QTAIM has become one of the most powerful utilities of modern chemistry, forming a bridge between advanced theoretical, and experimental techniques. In particular the properties of the electron density function in the so-called bond critical point (BCP, the (3, -1) saddle point on electron density curvature being a minimum in the direction of the atomic interaction line and a maximum in two directions perpendicular to it) seem to be valuable information for chemists, since it was proven in many papers that the chemical bonding can be characterized and classified on the basis of electron density characteristics measured in BCPs [24, [39] [40] [41] [42] . It was emphasized in many papers dealing with QTAIM applications that the presence of a bond path (BP, the line linking points of maximum electron density along the direction of the bond) linking a pair of atoms and the BCP corresponding to it fulfills the sufficient and necessary condition requiring that the atoms be bonded to one another [43, 44] . The above statement can be used as the universal criterion for the presence of the chemical bond, no matter what kind of bond it is. It was also demonstrated that the strength of the given chemical bond is related to the amount of electron density in BCP (q BCP ). This observation was made for both shared bonds [45] [46] [47] [48] [49] [50] and the bonds of closed-shell character [51] [52] [53] [54] [55] (Note that some exceptions were also reported [56] [57] [58] ). There are also other parameters of electron density function in BCP, which may give valuable information on the bonding, such as the laplacian of electron density, r 2 qBCP, and its components being the eigenvalues of hessian in BCP 2 . In this article, we make use of the bonding properties reflected in the curvature of electron density (more precisely the one-electron density). According to QTAIM for the given point in space it can be defined the eigenspace of that point in which three eigenvectors run along directions of maximum electron density changes. Thus, there are three eigenvalues (usually denoted as k 1 , k 2 and k 3 ), each of them corresponding to the proper eigenvector. The larger is the given eigenvalue, the faster changes the electron density in the direction corresponding to the proper eigenvector. The sign of the eigenvalue is related to the character of electron density change, being negative when electron density decreases in the related direction, and positive, when electron density increases in such a direction (in respect to BCP position). In the case of BCP, which is the minimum of electron density in direction along BP and maximum in directions perpendicular to BP, one of the eigenvalues is always positive, whereas two of them are always negative.
The laplacian of electron density, r 2 q, is just the sum of hessian eigenvalues, but if it is estimated in BCP, it may give valuable information about the bonding. It was demonstrated for instance that in the case of covalent bonds r 2 q is negative, whereas for chemical bonds of closedshell character it adopts positive values. This results from specific electron density distribution in molecules. If two atoms are connected via ionic bond, the electron density in BCP corresponding to the bond linking these atoms is relatively small (thus, the eigenvalues corresponding to eigenvectors running in directions perpendicular to the BP are also relatively small), but it grows rapidly in direction along the BP (which is reflected by a large value of the eigenvalue corresponding to the eigenvector running in direction of BP). In the case of covalent bonds the amount of electrons in BCP is relatively large, thus the intensity of changes in directions perpendicular to BP predominates over the intensity of changes along BP. Therefore, we can see that local properties of electron density may reflect crucial, from the chemist's point of view, properties of the chemical molecule.
Let us now have a look on how the electron density may change in directions perpendicular to the bond. Obviously there are two possibilities; the changes may proceed with the same intensity along both eigenvectors perpendicular to BP, or in the case of one of the directions the changes will be more extensive. Therefore, in the former case we have k 1 = k 2 , whereas in the latter case k 1 \ k 2 (Note that in BCP both k 1 and k 2 are negative by definition, therefore, |k 1 | [ |k 2 |). The situation with k 1 = k 2 corresponds to the cylindrical shape of the bond cross-section, whereas k 1 \ k 2 corresponds to the elliptical shape of the bond cross-section. The shape of the cross-section is directly related to the physical properties of the chemical bond. The typical single covalent bond has a cylindrical cross-section. When passing from the single to double bond, the crosssection becomes more and more elliptic, adopting the maximum of ellipticity for a typical double bond. Then, when the bond order increases to that typical of the triple bond, the cross-section becomes cylindrical again (Note that in this article we consider bonds being of bond order in between formally single and formally double). Therefore, it can be said that the case when k 1 = k 2 can be characteristic of r-type (formally single) bonds, whereas k 1 \ k 2 corresponds to the cross-section of the bond of at least partially double character. On this basis the parameter known as ellipticity of the bond (e) was defined as follows:
It was demonstrated that in the case of bonds between two carbon atoms e correlates linearly with such bond parameters as bond length or two-center delocalization index [23] . The latter can be interpreted as QTAIM-based bond order, assuming that the two atoms formally form the chemical bond. Therefore, earlier studies show that the values of e may numerically reflect p-electron contribution in bonding. Let us have a look on some examples important in the light of our studies. Table 1 collects bond lengths and ellipticities of CC bonds in selected simple molecules.
As it can be seen, all e values are in the range between 0.0 and 0.366. The former value was obtained for the CC bond in ethane, whereas the latter was obtained for the formally double bond in cyclohexa-1,4-diene. For the collection of data in Table 1 the general relation between CC bond length and ellipticity is very close to linear, with the correlation coefficient of -0.991. Remarkably, the shortest bond is that in ethene, however, there are bonds which are slightly more elliptic than that in ethene. For instance, the bonds in propene, cyclohexene and cyclohexa-1,4-diene are more elliptic. This means that in the case of those bonds the bond cross-section is more elliptic than in ethene. Why? The only explanation seems to be that in the case of those bonds the ratio of p-and r-contribution is larger than in ethene. There must be conditions which lead to the weakening of r-bonding or the strengthening of p-bonding in these molecular systems (with respect to ethene). This can be the effect of hyperconjugation with the formally single CC bond, since in propene some contribution of p-electrons in the formally single bond can be observed. In the case of butadiene in two conformations the p-contribution in the formally single bond is remarkable, being larger in the trans conformer. This is connected with the fact that in the gauche-cis conformer steric effects lead to non-planar arrangement of CC bonds, which lowers the possibility of p-type conjugation between two double bonds (see SI file for atomic coordinates). In (3E)-hexa-1,3,5-triene (zig zag-like conformation) the lateral double bonds are more elliptic than their inner counterpart, which results from the fact, that the inner double bond is involved in p-type conjugation in a more effective way than lateral double bonds. All these observations show how sensitive parameter the ellipticity can be. Even small changes in bond lengths may result in big differences in bond ellipticities. Since, as it was shown, ellipticity is the parameter which measures the contribution from p-type bonding, we decided to use it as a measure of aromaticity. In the next section we introduce aromaticity index based on ellipticity of the bond.
EL: a new measure of aromaticity
Probably the most widely used index of aromaticity is the HOMA index (Harmonic oscillator model of aromaticity). There are probably two reasons of that fact. First, HOMA is based on bond lengths, parameters being the ground-state properties which are easily available from both experimental and theoretical techniques. Second, HOMA is very clear in interpretation. As normalized it adopts specific limiting values, that is, 1.0 for fully aromatic system (i.e., benzene) and 0.0 value for the nonaromatic system. Negative values of HOMA are characteristic of antiaromatic systems.
HOMA index can be defined by the following expression [16, 17] :
where n represents the number of bonds forming the ring, a i is normalization constant chosen to give HOMA = 0 for Kekulé benzene structure (with the CC bond length as in 1,3-butadiene) and 1 for all the systems with all the bonds equal to the optimal value R opt . HOMA value is close to 1 for aromatic systems, close to 0 for nonaromatic ones and negative for antiaromatic ones.
Since good ideas should be followed, we decided to construct our new measure of aromaticity in a similar way as the HOMA was defined, such that it will be a normalized parameter as easy in interpretation as possible. The second important issue is that the source data of our aromaticity index should also be easily available, being simultaneously the ground-state property which reflects p-electron contribution to the bonding. The ellipticity of the bond is an obvious choice here. As it was shown in the previous subsection, it is a very sensitive parameter which directly reflects the contribution from p-type bonding. Importantly, it is also an easily available parameter which can be obtained from one-electron density. The latter can be derived both from quantum chemistry as well as from the experimental charge density measurement. It should be noted that ellipticity is a second-order parameter defined on the basis of hessian eigenvalues estimated in BCP. Thus, our measure of aromaticity could be defined directly from k 1 and k 2 . However, ellipticity is much easier in interpretation than k 1 and k 2 and-which is also very importantsome advanced programs dedicated to QTAIM analysis, such as AIMAll program [34] by Todd A. Keith, give ellipticity values in the standard output.
Since our aim is to define a normalized parameter, it is necessary to define in the first step the reference systems. We need two types of reference systems-one being a fully aromatic system and other that could be considered as fully nonaromatic one. It is very easy to find the fully aromatic system, since in this case the benzene, which is the archetype of the aromatic molecule, is the obvious choice. However, the choice of the nonaromatic reference is more complicated. Probably the best would be the localized benzene counterpart, that is, the hypothetic molecule of cyclohexa-1,3,5-triene. Although it would be possible to obtain such a structure forcing the localization of p-electrons by the use of advanced quantum-chemical approaches, yet in our opinion this is not a good idea, since it would require referring to a purely virtual molecule. Therefore, we think that the bond lengths in a real molecular system would make better reference numbers. For instance, the bond lengths in butadiene might be appropriate to use, since in the butadiene molecule there are formally double and single bonds which may be conjugated via p-type orbitals, but no cyclic aromatic delocalization can take place in that case. However, in our opinion the case of (3E)-hexa-1,3,5-triene is the best choice. There are several reasons speaking in favor of this compound: (1) it consists of six sp 2 hybridized carbon atoms, similarly as the hypothetical 1,3,5-cyclohexatriene, (2) it is planar, so there are no steric effects which would affect the p-electron structure of this system, (3) there is a possibility of p-type conjugation, like in butadiene and 1,3,5-cyclohexatriene, but no cyclic aromatic delocalization can occur, and finally (4) the surrounding of the inner double bond in 1,3,5-hexatriene is topologically most similar to that in hypothetical 1,3,5-cyclohexatriene. Therefore, we consider such hypothetical molecule of cyclohexa-1,3,5-triene with double and single bond lengths corresponding to the lengths of the inner double bond and the single bond in (3E)-hexa-1,3,5-triene as the reference nonaromatic system.
The main idea of our measure of aromaticity is the same as that which inspired the authors of HOMA index, namely, we want to have a parameter which will show how far a given system is similar to the aromatic archetype. The criterion of this similarity must reflect the character of the bonding, first of all the p-electron distribution. Since, as it was shown in previous sections, ellipticity of the bond is a parameter which may be used for our purposes, we may define our new index as follows:
When in the above equation e ref is equal to the ellipticity of the bond in benzene, and the summation runs over all n-bonds of CC type in the system, we will have the parameter which allows us to estimate how far the given system is similar to benzene. el 1 = 0 would mean that this similarity is maximal. However, the above equation in its present form would work in accordance with our expectations only for systems consisting of six bonds. For a larger number of bonds the sum will be greater by definition, even for the set of bonds of ellipticity relatively similar to that in benzene. Thus, it is necessary to weight the value of the aromaticity measure with respect to the single bond. In addition, it would be worth normalizing the measure of aromaticity to facilitate its interpretation. Therefore, we introduce the modification of Eq. 3 in the following way:
where n is still the number of bonds, whereas c is the normalization constant estimated in the same way as a constant in HOMA definition, such that el 2 adopts a value 
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13. 14. Fig. 1 Schemes of molecular systems under discussion. Ring notation refers to data in Table 2 Struct Chem (2012) 23:1173-1183 1177 of 1.0 for the system assumed to be the nonaromatic counterpart of benzene. According to our earlier discussion we consider hypothetical molecule of cyclohexa-1,3,5-triene with double and single bond lengths corresponding to the lengths of the inner double bond and the single bond in (3E)-hexa-1,3,5-triene as the reference system. So now el 2 adopts a value of 0.0 for the system considered as fully aromatic and 1.0 for the system considered as fully nonaromatic. These are exactly opposite values in comparison with those obtained by HOMA. HOMA is scaled in more natural-let us say-intuitive way. For this reason we follow the inventors of HOMA index and finally define EL index according to Eq. 5:
Although EL is defined in a very similar way to HOMA index, yet there is one clear difference (of course except the fact, that EL is based on one-electron density properties instead of bond lengths): in HOMA index the R opt,i -R j term is additionally squared, probably due to the fact that for significantly aromatic systems the difference in bonds lengths with respect to reference bonds in benzene is very small. Since ellipticity is a very sensitive parameter, it is not necessary to amplify the differences in ellipticities for significantly aromatic systems, thus we introduce the modulus instead of the squared value. In the next section of our paper we test the EL index against the set of molecules of different character of aromaticity. As it will be shown, the modulus instead of the squared value gives EL scaled in the range between 1 and -1 for the whole set of systems, including those most aromatic and most antiaromatic. In addition, we compare the EL values with values of other commonly used aromaticity indices, including HOMA, NICS, PDI, and FLU. Table 2 collects the values of several aromaticity indices estimated for molecular systems shown in Fig. 1 . When choosing the systems for further analysis we wanted to have possibly large spectrum of aromaticity. Therefore, we investigated polycyclic aromatic hydrocarbons, in which all possible topological situations from the point of view of Clar's concept of aromatic sextet were taken into account (systems 1-5), molecules containing cyclobutadiene and cyclooctatetraene, being the archetype of antiaromatic and nonaromatic rings, respectively (systems 6-8, 13, 14), azulene and fulvene being the valence isomers of naphthalene and benzene, respectively, and some other exemplary systems which complement the set of rings which are interesting for our analysis. Similarly as HOMA, also EL can be used not only for the given ring but also for any sequence of bonds for which the degree of p-delocalization is worth considering. Therefore, in the case of systems 2 and 9 we additionally estimate global aromaticity using HOMA and EL measured along all peripheral bonds.
EL in use
As can be seen in Table 2 , in general the indications of different aromaticity indices are in agreement with each other. This concerns also EL. For instance it nicely predicts local aromaticity of the rings in systems 1-5. These predictions are in agreement with Clar's concept of aromatic sextet [59] . Therefore, the most aromatic is the benzene ring (1) (the isolated Clar's sextet), less aromatic are the rings in naphthalene (2) and anthracene (3) (these are the rings with so-called migrating sextet), lateral rings in phenanthrene (4) are clearly more aromatic with respect to their inner counterpart, whereas in triphenylene (5) lateral rings are twice as aromatic as the corresponding inner so-called empty ring. In the case of cyclobutadiene (6) and its derivatives (7, 8) EL adopts a negative value, which corresponds to antiaromatic character of the four-membered rings. It also properly predicts the lower aromaticity (with respect to benzene) of six-membered rings in 7 and 8. Unlike in the other aromaticity indices, in the case of azulene (9) EL predicts the more aromatic five-and sevenmembered rings with respect to naphthalene. Also in the case of five-membered rings in 14 the EL shows rather nonaromatic character of the proper rings, whereas HOMA and NICS values suggest antiaromatic character of these rings. This might suggest that EL overestimates the degree of delocalization in this kind of systems. However, the fulvene ring is predicted to be antiaromatic, as expected. Also in the case of cycloocta-1,3,5,7-tetraene EL adopts a negative value, which is in agreement with indications of the other indices and our expectations. It is worth mentioning, that for the whole set of systems investigated (including benzene-the archetype of aromatic system, and cyclobutadiene-the archetype of antiaromatic system) EL gives values in the range from -1 to 1. This allows very convenient and easy in interpretation analysis with the use of EL measure.
If we consider the global aromaticity of naphthalene and azulene, a comparison can be made only for EL and HOMA, since from the selected set of aromaticity measures only both these indices can be estimated for the sequence of bonds for which p-electron delocalization can be considered. For naphthalene HOMA and EL are equal to 0.837 and 0.618, respectively, whereas for azulene these values are 0.966 and 0.876, respectively. Thus, some difference can be noticed for the former system, whereas for the latter system indications of HOMA and EL are practically the same.
Usually general interdependencies between the values of aromaticity indices are discussed when the larger set of rings is considered. That is why we performed such a comparison, giving the correlation coefficients matrix in Tables 3 and 4 and some graphical representations in Fig. 2 . The trends as concerns the changes in general are the same for all aromaticity indices, although some relations are rather far from pure linear regression. This most probably results from the fact that several different types of rings were taken into account in our studies. However, we did not expect linear regressions for all indices since we believe, in agreement with what was postulated earlier, that aromaticity is a collective phenomenon, and different criteria do not always give the same result [60] [61] [62] [63] . Hence a variety of criteria should be used in the discussion of this term.
Final recommendations
In the last chapter of our article, we would like to give some recommendations regarding the use of EL index of aromaticity. We list these recommendations below: 1. The c constant can be easily estimated for any level of calculations using the equation (6):
where e i denotes the ellipticities of single and inner double bonds in the reference system, which is the molecule of cyclohexa-1,3,5-triene with double and single bond lengths corresponding to the lengths of the inner double bond and the single bond in (3E)-hexa-1,3,5-triene. One may use these values in the case of experimental charge density data or-when it is recommended-other data obtained at any level of calculations, since the error made using the value of c estimated with the use of arbitrarily chosen level of calculations in such cases will be kept constant, making the comparative studies possible. 3. In general the level of calculations does not affect the final result of QTAIM calculations, as it was demonstrated for several methods and basis sets [64, 65] . Thus, the same could be expected in the case of EL use. However, the use of large basis sets with diffuse and polarization functions, wherever possible, is always recommended, since small basis sets may sometimes give artificial results [66] . 4. As each aromaticity index, also EL has its limitations.
First of all it depends on reference system. Therefore, similarly as in the case of other indices depending on reference data, the use of EL may be limited in specific cases, for instance, when the delocalization in the system under consideration does not result directly from its ground-state properties (e.g., in case of some transition or excited states). The use of EL is also limited to these systems for which the definition of the reference systems is possible at all. For example, the analysis of aromaticity in all-metal clusters with the use of EL can be rather difficult. Other significant limitation of EL results from the fact that it is based on the curvature of electron density in directions perpendicular to the bond path. It is related to the difference between two corresponding eigenvalues. The larger is the value of this difference in respect to the absolute values of both eigenvectors, the less reliable are indications of EL. In other words, EL should perform very well for covalent bonds, but its reliability will decrease with the increasing ionic character of bonds. 5. Similarly as HOMA and FLU, the use of EL is not limited to the cyclic systems only. EL can be used for the analysis of delocalization in any sequence of bonds, for which such analysis is justified. All rings in molecules from Fig. 1 were taken into account, with the only exception for the ring in system 13, which is not planar and for which the use of NICS (1) and NICS(1) zz is not justified 
Conclusions
We demonstrate that ellipticity of the bond can be considered as the parameter useful for construction of a new index of aromaticity. We develop such a new measure of aromaticity-the EL index. Since EL can be estimated in standard QTAIM calculations on one-electron density function, it may serve as useful parameter not only in the case of theoretical approaches, but also for experimental data obtained from X-ray charge density studies. In this article, we check EL against several types of aromaticity indices. The indications are in general the same, which proves that EL can be considered as a new index of aromaticity.
